Abstract. A finite group G is called Schur, if every Schur ring over G is associated in a natural way with a regular subgroup of Sym(G) that is isomorphic to G. We prove that any nonabelian Schur group G is metabelian and the number of distinct prime divisors of the order of G does not exceed 7.
Introduction
Let G be a finite group. In what follows we are interested in a permutation group Γ ≤ Sym(G) that contains a subgroup G right induced by the right multiplications in G. Denote by S the set of orbits of the stabilizer of the identity e = e G in Γ. Then one can form a Z-submodule A = A(Γ, G) of the group ring ZG:
where X is the sum of elements of X in the group ring. It was observed by Schur in [21] that this submodule is a subring of the latter ring. The idea of Schur was to study the group Γ by means of the ring A rather than by means of the characters of G. In this way he was able to prove a generalization of the Burnside theorem on a permutation group with a regular cyclic p-subgroup (see [24, Theorem 25.3] ).
Following Wielandt a subring A of the ring ZG is called a Schur ring or S-ring over the group G if there exists a partition S of this group such that equality (1) holds and (2) {e} ∈ S and S −1 = S where S −1 = {X −1 : X ∈ S} with X −1 = {x −1 : x ∈ G}. 1 It is easily seen that the ring A(Γ, G) defined in the above paragraph is an S-ring over G. In particular, so is the group ring itself: in this case Γ = G right .
It should be mentioned that as Wielandt wrote in [25, p.54 ]: Schur had conjectured for a long time that every S-ring A over a group G is determined by a suitable permutation group Γ; in our terms this means that A = A(Γ, G). However, this proved to be false and first counterexamples were found by Wielandt in [24, Theorem 25.7] . In honour of this Schur's fallacy the S-rings arising from permutation groups were called schurian in [20] . It was also proved there that any S-ring over a cyclic p-group, p > 3, is Schurian. Thus such a group is an example of a Schur group in the sense of the following definition given there. Definition 1.1. A finite group G is called a Schur group, if every S-ring over G is schurian.
The problem of determining all Schur groups was suggested by R.Pöschel who proved that a p-group, p > 3, is Schur if and only if it is cyclic [20] . Only about thirty years after, all cyclic Schur groups were classified in [9] . The techique developed there were used in [10] where it was proved that any abelian Schur group belongs to one of the several explicitly given families. It should be mentioned that in the proof of this result a knowledge of Schur groups of small order is used. In fact, all S-rings over an arbitrary group of order ≤ 47 were enumerated by means of computer computations. It turned out that there are non-abelian Schur groups. However, except for the above result of Pöschel, no general results on these groups was known. One of the main results of this paper gives a result of this type.
Theorem 1.2. A simple group is Schur if and only if it is abelian. In particular, any Schur group is solvable.
The proof of Theorem 1.2 is based on the Thompson theorem on minimal simple groups, a detailed analyses of groups of small order (Section 3), dihedral groups (Section 5) and the groups PSL 2 (q) (Lemma 6.1). Based on Theorem 1.2 and the above analyses, we apply standard group-theoretical arguments to obtain the second main result of the paper. Theorem 1.3. Any Schur group G is metabelian. Moreover,
(1) |π(G)| ≤ 7 with equality only if |G| is even product of seven primes, (2) if a Hall {2, 3}-subgroup of G is cyclic, then G is metacyclic.
Concerning permutation groups we refer to [24] . For the reader convenience we collect the basic facts on S-rings and Cayley schemes in Section 2.
Notation. For a positive integer n we denote by C n , D n and E n the cyclic, dyhedral and elementary abelian groups of order n, and by S n and A n the symmetric and alternating groups on n letters respectively. 2 The quaternion group and generalized quaternion groups are denoted by Q 8 and Q 2 k , k ≥ 4, respectively.
For k ≥ 4 we set
k−2 to be the semidihedral group.
3
For a prime p and k ≥ 3 we set
We set
For a group G we set e G to be the identity of G.
For groups H and G we write H ≺ G if H is isomorphic to a section of G, that is a group A/B with B ⊳ A ≤ G.
The set of prime divisors of a group G is denoted by π(G).
The group ring of G over integers is denoted by ZG.
The sum of elements of a set X ⊂ G in ZG is denoted by X.
The symmetric group on a set Ω is denoted by Sym(Ω). The regular permutation group which is induced by right (resp. left) multiplications in G is denoted by G right (resp. G lef t ).
Schur rings and Cayley schemes
In this section we recall some facts on association schemes and Cayley schemes that will be used throughout the paper to prove non-schurity of S-rings. More details can be found in [11] .
Let Γ be a transitive permutation group on a finite set Ω. Denote by R the set of orbits in its coordinatetwise action on the Cartesian square Ω × Ω. Then one can form a Z-submodule Z = Z(Γ, Ω) in the ring Mat Ω (Z) of all integer matrices the rows and columns of which are indexed by the elements of Ω:
where A(R) is the adjacency matrix of the binary relation R ⊂ Ω × Ω. It is easily seen that Z is a matrix ring, the centralizer ring of the permutation group Γ. In the special case when Ω = G is a group and G right ≤ Γ the injection
where P g is the permutation matrix associated with g, induces a ring isomorphism from A(Γ, G) onto Z(Γ, Ω) [24, Theorem 28.8] .
A partition R of the set Ω × Ω forms an association scheme X = (Ω, R) if the module Z defined by (3) is a ring (the adjacency ring of X ) and (5) 1 Ω ∈ R and R * = R where 1 Ω is the diagonal of Ω × Ω and R * consists of all relations R * obtained from R ∈ R by interchanging of coordinates. 5 In the special case when Z = Z(Γ, Ω) for a permutation group Γ, the corresponding association scheme is called schurian and denoted by Inv(Γ) = Inv(Γ, Ω). For an arbitrary association scheme we define the automorphism group by Aut(X ) = {γ ∈ Sym(Ω) :
The mappings Inv and Aut define a Galois correspondence between the association schemes with transitive automorphism groups and transitive permutation groups on Ω:
where the partial order on the association schemes is induced by the natural partial order of their adjacency rings. The schurian schemes are closed with respect to this correspondence; in the other words, a scheme X is schurian if and only if X = Inv(Aut(X )). This observation gives a simple sufficient condition for a scheme to be non-schurian. Lemma 2.1. A scheme X is non-schurian whenever X = Inv(Aut(X )).
A special class of association schemes X arises when Ω = G is a group and
In this case X is called a Cayley scheme over the group G; any relation R ∈ R is the arc set of the Cayley graph on G associated with a set X = {g ∈ G : (g, e) ∈ R}. The set of all such X's forms a partition S of the group G for which the Z-module (1) is an S-ring; it is denoted by A(X ). Conversely, by the definition of mapping (4) for any set X ⊂ G the matrix
is a {0,1}-matrix in Mat Ω (Z). Therefore it is the adjacency matrix of a binary relation R ⊂ G × G which is invariant with respect to G right . One can also see that all these relations form a partition R of the set G × G for which conditions (5) are satisfied. Thus the pair X (A) = (G, R) is a Cayley scheme over the group G.
Theorem 2.2. The correspondence A → X (A), X → A(X ) induces a bijection between the S-rings and Cayley schemes over the group G that preserves the natural partial orders on these sets. Moreover, under this correspondence the S-ring A is schurian if and only if so is the Cayley scheme X (A).
We conclude the section by two results giving necessary conditions for a group G to be Schur. Below given a group H ≤ G we denote by Γ(H, G) the (transitive) permutation group which is induced by the action of the group G on the set of right H-cosets by the right multiplications. In the proof of the following lemma we will freely use well-known properties of the wreath product of association schemes; all of them can be found, e.g. in [8] . Proof. It is easily seen that the set of right H-cosets forms an imprimitivity system of the group G right . Therefore without loss of generality we can assume that it is a subgroup of the wreath product ∆ = H right ≀ Γ in imprimitive action. This implies that
where X H = Inv(H right ) and X Γ = Inv(Γ). It follows that X H ≀ X Γ is a Cayley scheme over the group G. Now, suppose on the contrary that there exists a nonschurian fusion Y of the scheme X Γ . Then
and hence X H ≀ Y is also a Cayley scheme over G. Moreover, this scheme is schurian if and only if so is the scheme Y (see e.g. [8] ). By Theorem 2.2 this implies that the S-ring A(X H ≀Y) is not schurian. Therefore the group G is not Schur. Contradiction.
When the group H in Lemma 2.3 is normal in G, the scheme Inv(Γ) is obviously a Cayley scheme over the group G/H. Therefore our result implies that the quotient of a Schur group is also Schur. This provides a proof of one part of the following theorem proved in [20] . 3. Abelian and small non-abelian Schur groups All S-rings over any group of order n ≤ 31 were enumerated by computer in [12] ; the same result for n ≤ 47 was later announced in [19] . As a consequence of these results one can get Lemma 3.1 below. An independent proof of this lemma we give here, is obtained by using the enumeration of all association schemes (and hence the Cayley schemes) of small order in [15] . Lemma 3.1. A nonabelian group of order ≤ 27 is not Schur unless it is a dihedral group or is isomorphic to Q 8 , A 4 , C 3 : C 4 , or G 16 .
Proof. By means of computer system GAP [13] one can find that there are exactly 22 nonabelian groups that are neither dihedral nor isomorphic to Q 8 , A 4 , C 3 : C 4 , or G 16 . All that groups are listed in the first column of the Table 1; for instance, the third row of the left-hand side correspond to the group Q 16 , the SmallGroup(16,9) in GAP.
For each group G in this list we choose an association scheme X = (Ω, R) belonging to the Hanaki-Miamoto database of small association schemes [15] where Ω = {1, . . . , n} with n = |G|. The second and third columns of the table contain the index of the scheme X in the database and the number rk(X ) = |R| respectively.
By means of the Hanaki GAP-package for association schemes [16] one can find the group Γ = Aut(X ); the number rk(Γ) = rk(Inv(Γ)) is given in the fourth column of the Table 1 . Inspecting the table shows that rk(X ) = rk(Γ), and hence
By Lemma 2.1 this implies that the scheme X is non-schurian. On the other hand, a straightforward computation in GAP shows that the group Γ contains a regular subgroup isomorphic to G. Therefore the scheme X is isomorphic to a Cayley scheme over this group. Thus the group G is not Schur by Theorem 2.2.
The next two statements contain almost all known information on large Schur groups. The first of them was proved in [20] .
Theorem 3.2. A p-group with p ≥ 5 is Schur if and only if it is cyclic.
The following theorem is a consequence of the results obtained in [9] for the cyclic case and in [10] for the abelian non-cyclic case. Theorem 3.3. Any abelian Schur group is contained in one of the following families:
(
× C p where p = 2 with p, q, r being distinct primes and k ≥ 0 an integer.
Remark 3.4. From [9] it follows that all the groups in cases (1) and (2) are Schur.
Corollary 3.5. Let G be an abelian Schur group of order n and Ω(n) the total number of prime factors of the integer n. Then
(1) π(G) ≤ 4 with equality only if 2 ∈ π(G) and Ω(n) = 4, (2) if n is odd, then π(G) ≤ 3 with equality only if Ω(n) = 3.
In the following two lemmas below we prove that several small groups are not Schur. In all cases we find a transitive permutation group Γ ≤ Sym(Ω) and an association scheme X = (Ω, R) such that (6) X = Inv(Γ) and Aut(X ) = Γ.
By Lemma 2.1 this scheme is non-schurian. To define the scheme X we will specify the nonreflexive orbits R 1 , . . . , R k in the coordinatewise action of the group Γ on the set Ω × Ω. Then we choose a nontrivial partition Π of the set {1, . . . , k}, and define a nonreflexive element of R to be the union of all R i 's belonging to a class of Π.
In each case one can easily check by means of GAP that (a) X is an association scheme and (b) relations (6) hold.
Lemma 3.6. The Frobenius groups E 8 : C 7 and E 16 : C 3 are not Schur.
Proof. Let G be one of the groups in the lemma statement. Suppose we are given a permutation group Γ and scheme X for which relations (6) hold with Ω = G. If, in addition, G right ≤ Γ, then X is isomorphic to a non-schurian Cayley scheme over G. However, then the S-ring A(X ) is also non-schurian by Theorem 2.2. Thus the group G can not be Schur. To complete the proof let us construct the group Γ and scheme X in each case.
Let G = E 8 : C 7 =SmallGroup(56,11). The group SmallGroup(672,1257) is solvable and can be written as a product of two subgroups that are isomorphic to G and A 4 respectively. This decomposition is not unique and the rank of the permutation representation on the right cosets of A 4 can be 8, 12 or 20. In the first case, there are three conjugacy classes of subgroups isomorhic to A 4 , that produce such a representation. Denote by Γ the permutation group that corresponds to one of them. Then obviously Γ ≥ G right and the above defined number k is equal to 7. Moreover, the indices of the relations R i 's can be chosen so that
where n i = |R i |/|Ω|, R 2 but not R 3 is the union of 7's complete graphs on 4 vertices, and (R 4 ) * = R 5 and (R 6 ) * = R 7 . Then we are done with the partition Π = {{1, 3}, {2}, {4, 5}, {6, 7}}.
Let G = E 16 : C 3 =SmallGroup(48,50). The group SmallGroup(1152,154768) is solvable and is isomorpic to a semidirect product of G by SL 2 (3). Moreover, there is a unique (up to conjugacy) subgroup isomorphic to SL 2 (3) such that the permutation representation on the right cosets of this group has rank 9 and contains no a suborbit of size 3. Denote the corresponding permutation group by Γ 1 . Then N Sym(Ω) (Γ 1 ) ≃ E 4 . Over three proper subgroups of N Sym(Ω) (Γ 1 ) that properly contain Γ 1 there are two of rank 6. Denote by Γ any of them. Then obviously Γ ≥ G right and the above defined number k is equal to 5. Moreover, the indices of the relations R i 's can be chosen so that
Then we are done with the partition Π = {{1}, {2, 3}, {4}, {5}}. Proof. For each group G from the lemma statement we choose a subgroup H. By Lemma 2.3 it suffices to find a non-schurian fusion of the scheme Y = Inv(∆, Ω) where ∆ = Γ(H, G) and Ω is the set of all right H-cosets. For this we will explicitly define a permutation group Γ such that Aut(Y) ≤ Γ, and association scheme X for which relations (6) hold. Then as above X is a required non-schurian fusion of Y and we are done.
Let G = E 16 : C 5 =SmallGroup(80,49). Set H to be a subgroup of G that is generated by an involution (all these subgroups belong to the same orbit of Aut(G). Then the factor group N Sym(Ω) (∆)/∆ has a unique normal subgroup isomorphic to C 4 × C 2 . Denote by Γ the permutation group such that
and the factor group Γ/∆ coincides with that normal subgroup. Then the above defined number k is equal to 9 and the indices of the relations R i 's can be chosen so that n 1 = n 2 = n 3 = 1, n 4 = n 5 = 2, n 6 = · · · = n 9 = 8, and we are done with the partition Π the unique non-singleton class of which is equal to {4, 5}.
Let G = A 5 =SmallGroup(60,5). Set H to be the subgroup of G that is generated by the involution (1, 2)(3, 4). Denote by Γ the permutation group N Sym(Ω) (∆). Then the above defined number k is equal to 6 and the indices of the relations R i 's can be chosen so that n 1 = 1, n 2 = n 3 = n 4 = 4, n 5 = n 6 = 8, and the relations R 2 and R 3 (not R 4 ) form simple connected graphs with the vertex set Ω. In this case we are done with the partition Π the unique non-singleton class of which is equal to {2, 3}.
We complete the section by an auxiliary lemma which is a consequence of the above results, and will be used in Section 7. Lemma 3.8. Let G be a Schur group and P a Sylow 2-subgroup of G. Suppose that P is proper, normal, elementary abelian, and
Proof. According to the Schur-Zassenhaus Theorem [14, p.221], the group P being a normal Sylow subgroup has a complement in G; in other words, there exists a group H ≤ G of order |G : P | such that G = P H. In particular, H is of odd order. Taking into account that C G (P ) = P and P ≃ E 2 k for some integer k ≥ 1, without loss of generality we can assume that
Moreover, by statement (2) of Theorem 3.3 we have 2 ≤ k ≤ 5 because P is proper and G is Schur. When k = 2, then obviously GL 2 (2) ≃ S 3 and |H| = 3. Therefore, G ≃ A 4 and and we are done. In the remaining cases take a nonidentity element x ∈ H of prime order p. Then by (7) we have
In the Table 2 we list all possible triples (k, p, c) with k = 3, 4, 5 and c = |C P (x)|. For each such triple the fourth column of this table contains a group K which is isomorphic to a subgroup of P x . All these groups except for one in the last row, are non-Schur and the reason for this is given in the fifth column. To complete the proof it suffices to note that in the last row K = H is a Sylow 31-subgroup of GL 5 (2) that is cyclic.
Non-abelian Schur p-groups
In this section we are interested in non-abelian nilpotent Schur groups. Since any nilpotent group is the direct product of p-groups and for p ≥ 5 there are no non-cyclic Schur p-groups, it is quite natural to begin with studying 2-and 3-groups.
We recall that the rank of an abstract finite group G is the least positive integer r = r(G) such that every subgroup of G is generated by r elements.
Case p = 3. Without loss of generality we can assume that H is a nonabelian group of order 81 and rank 3. By means of GAP one can find that SmallGroup(81,6)= C 27 : C 3 is a unique non-abelian group of order 81 that has no section isomorphic to C 9 : C 3 or E 9 : C 3 . However, by Lemma 3.1 none of latter groups is Schur. Since the group H is Schur, Theorem 2.4 implies that H ≃ C 27 : C 3 . But then r(H) = 2 which contradicts the choice of H.
Case p = 2. Without loss of generality we can assume that H is a non-abelian group of order 64 and rank 5. However, there are exactly nine such groups and each of them has a subgroup isomorphic to C 4 × E 4 . By Theorem 3.3, this group, and hence H is not Schur. Contradiction. Thus r = 3 or r = 4.
Let r = 4. In this case H is a non-abelian group of order 32 and rank 4. However, there are exactly seven such groups and each of them has a section isomorphic to
All of these groups are not Schur: the former one by Theorem 3.3 whereas the latter two by Lemma 3.1. It follows that the group H is not Schur. Contradiction.
Let r = 3. In this case H is a non-abelian group of order 16 and rank 3. However, there are exactly four such groups that have a section isomorphic to E 8 , namely,
The first three groups are not Schur by Lemma 3.1 whereas the fourth one is Schur: this can be checked by enumeration of all S-rings over G 16 . To complete the proof we will verify that any group K of order 32 such that G 16 ≺ K, is not Schur. For this one can find that K is isomorphic to one of 17 groups of order 32, and each of these groups contains at least one subgroup isomorphic to one of the groups below:
All these groups are not Schur: the first three by Theorem 3.3 whereas the other four by Lemma 3.1. Thus the group K is not Schur.
Theorem 4.2.
A non-abelian p-group is not Schur unless p = 2 or p = 3, and it is isomorphic to one of the groups below:
Proof. Let G be a non-abelian p-group. Then p = 2 or p = 3 by Theorem 3.2. Moreover, by Lemma 4.1 we can assume that r(G) = 2. Denote by Φ = Φ(G) the Frattini subgroup of the group G. Then G/Φ ≃ E p r for an integer r ≥ 1, and r = 1 if and only if the group G is cyclic. By the above assumption this implies that r = 2. We claim that the group Φ is cyclic. Suppose on the contrary that it is not true. Then again by the assumption we have Φ/Φ 2 ≃ E p 2 where Φ 2 = Φ(Φ(G)). Therefore G contains a section H = G/Φ 2 such that
in particular, |H| = p 4 and r(H) = 2. Moreover, the group H is not abelian, because otherwise H ≃ C p 2 × C p 2 , and hence H is not Schur by Theorem 3.3. Next, there are exactly five (resp. nine) non-abelian 2-groups (res. 3-groups) H satisfying (8) . When p = 2 four groups are not Schur by Lemma 3.1 whereas the fifth group is G 16 which is impossible because r(G 16 ) = 3. When p = 3 each of that nine groups contains a section isomorphic to either E 9 : C 3 or C 9 : C 3 which are not Schur also by Lemma 3.1. Thus the group H is not Schur. The claim is proved.
From the above claim it follows that G/Φ
2 is a group of order p 3 that has a quotient isomorphic to E p 2 . Since r = 2, it is not isomorphic to E p 3 . Moreover, by Lemma 3.1 it is also not isomorphic to a non-abelian group of order 27 and exponent 3. Therefore the exponent of G/Φ 2 equals p 2 . Thus the p-group G contains a cyclic subgroup of index p. So by the Burnside theorem [2, Theorem 1.2] one of the following statements hold:
(1) p = 3 and G ≃ M 3 k where k ≥ 3, (2) p = 2 and G is isomorphic to one of the groups
p = 2 and G ≃ D 2 k for k ≥ 3. However, both the group Q 2 k and the group SD 2 k contains a subgroup isomorphic to Q 2 k−1 for k ≥ 5. On the other hand, the groups Q 16 and SD 16 are not Schur by Lemma 3.1. Thus G can not be isomorphic to SD 2 k , and is isomorphic to Q 2 k only for k = 3. This completes the proof of the first statement. The second follows by a computer enumeration of all S-rings over small groups.
Recall that a finite nilpotent group is a direct product of its Sylow subgroup. Therefore, the next assertion is a direct consequence of Theorem 3.3 on a structure of abelian Schur groups and the last theorem. Corollary 4.3. Let G be a nilpotent Schur group. Then there is at most one prime p such that a Sylow p-subgroup of G is non-cyclic, and p is equal to 2 or 3. Moreover, G is a metabelian group with r(G) 5 and |π(G)| 4, and if |π(G)| = 4, then G is a cyclic group of even order, which is the product of four primes.
Case of dihedral group
In this section we are interested in non-Schur dihedral groups. Let us begin with a construction producing S-rings of rank 4; in fact, this construction can be considered as a special case of one that used in [3, Theorem 1.6.1] to establish a well-known relationship between symmetric block designs and bipartite distance regular graphs of diameter 3.
Let G be the generalized dihedral group associated with abelian group H, i.e G = H, g with h g = h −1 for all h ∈ H. Suppose that D ⊂ H is a difference set in H; by definition this means that (9) (
for a positive integer λ where • is the componentwise multiplication in the group ring ZH and A is the set of nonidentity elements of H. Denote by S the partition of the elements of G into four classes:
where e = e G . Then obviously A −1 = A. Taking into account that g 2 = e, we obtain that (2) is satisfied for the partition S. Furthermore, it is easily seen that
where n = |H| and k = |D|. From (9) it also follows that
Thus we obtain the following statement.
Lemma 5.1. The ZG-module A = A(D, H) = Span{Z : Z ∈ S} is an S-ring over the group G.
Starting with the difference set D one can construct in a standard way a symmetric 2-design B = dev(D) the points, blocks and flags of which are respectively the elements of the group H, the elements of coset Hg, and the pairs (x, y) with yx −1 ∈ Dg. 7 The set of flags is obviously invariant with respect to the setwise stabilizer of the set H in the group G right . Therefore this stabilizer forms an automorphism group of the design B that acts regularly both on the points and on the blocks. The design is 2-transitive (resp. flag-transitive, antiflag-transitive) if the group Aut(B) acts 2-transitively on the points (resp. acts transitively on the flags, on the anti-flags). Proof. Suppose that the S-ring A is schurian. Then there exists a permutation group Γ ≤ Sym(G) such that
where Γ e is the stabilizer of e in Γ. The setwise stabilizer ∆ of the set H in Γ acts in a natural way on both H and Hg. Moreover, it is easily seen that
. 7 The defining property of a 2-design is that any pair of distinct points is incident to the same number of blocks; the design is symmetric if the number of points is equal to the number of blocks.
Therefore the action of the group ∆ on the points of B is 2-transitive. Moreover, taking into account that X and Y are orbits of Γ e , and hence of ∆ e , we conclude that the sets Corollary 5.4. Let G be the generalized dihedral group associated with abelian group H in which there exists a nontrivial difference set. Then G is a Schur group only if this difference set is isomorphic to a Singer difference set. In particular, in this case |H| = (q d+1 − 1)/(q − 1) for a prime power q and integer d ≥ 2.
Proof. Let D be the difference set from the corollary hypothesis. Suppose that the group G is Schur. Then the S-ring A(D, H) must be schurian. So by Lemma 5.2 the design dev(D) is 2-transitive and antiflag-transitive. According to [7, Statement 35a, p.91] this implies that this design is isomorphic to the design dev(S) where S = S q,d for some d and q. Thus the difference set D is isomorphic to a Singer difference set and we are done.
A lot of information on difference sets with parameters (10) is contained in [4] . In particular, one can find cyclic groups of order n = (q d+1 − 1)/(q − 1) where q is a prime power and d ≥ 2, each of which admits a difference set with parameters (10) that is not isomorphic to a Singer difference set. By Corollary 5.4 this implies that in all these cases the group D 2n is not Schur.
Proof of Theorem 1.2
Due to Remark 3.4, it suffices to verify that any non-abelian simple group is not Schur. However, such a group always contains a minimal simple group, i.e a nonabelian simple group of composite order all of whose proper subgroups are solvable. So by Theorem 2.4 only we need is to check that any minimal non-abelian simple group G is not Schur. By the Thompson Theorem [22, Corollary 1] the group G is isomorphic to one of the following groups:
(T1) PSL 2 (p) where p is a prime, p > 3, and p ≡ ±2 (mod 5), (T2) PSL 2 (3 p ) where p is an odd prime, (T3) PSL 2 (2 p ) where p is a prime, (T4) Sz(2 p ) where p is an odd prime, (T5) PSL 3 (3). In each of cases (T3)-(T5) the group G contains a subgroup isomorphic to a nonSchur group H: the second and third columns of Table 3 below indicate the group H and the reason of why it is non-Schur (the existence of such a subgroup is clear, see, e. g., [5, 23] ). Thus in all these cases the group G is not schur by Theorem 2.4. Table 3 . Non-schurian subgroups of some simple groups
In the remaining cases (T1) and (T2) the same conclusion immediately follows from the next lemma the proof of which is based on a construction from [1] and the description of maximal subgroups of a symmetric group given in [18] .
Lemma 6.1. The group PSL 2 (q) is not Schur unless q ≤ 3.
Proof. The groups PSL 2 (2) ≃ D 6 and PSL 2 (3) ≃ A 4 are Schur by Lemma 3.1. If q = 2 k and k is a composite integer with a proper prime divisor p, then the group P SL 2 (2 k ) contains a subgroup isomorphic to P SL 2 (2 p ) arising in case (T3) of the Thompson theorem, so the group P SL 2 (q) with even q is not Schur unless q = 2. Since P SL 2 (5) ≃ A 5 is also not Schur, in what follows we may assume that q is odd and q > 5.
Set G = PSL 2 (q). The group Γ = G right Inn(G) acts naturally on G, and contains a regular subgroup G right . Therefore Inv(Γ) is a Cayley scheme over G such that the basic sets of the corresponding S-ring A(Γ, G) are the conjugacy classes of G; the partition of G with these classes is denoted by C.
According to [1, Sections 3, 4] , the Cayley scheme Inv(Γ) contains a special fusion X of rank 4. The definition of this scheme given there, implies that the S-ring A = A(X ) satisfies to the following conditions:
(1
is the union of all classes of C of the same size, (3 * ) if q is odd, then S = C only if q ≤ 5.
To prove that the group G is not Schur we will verify that the S-ring A is not schurian.
The group ∆ = N Sym(G) (Γ) obviously contains a regular subgroup G right , and hence one can form the Cayley scheme Inv(∆) and the corresponding S-ring A(∆, G). Since Γ is normal in ∆, condition (2 * ) implies that the point stabilizer ∆ e leaves each class of the partition S fixed. Moreover, (11) A(∆, G) ⊇ A.
Next, by the main theorem in [18] the group ∆ ′ := G 2 ·(Out G× C 2 ), which appears in the diagonal case (d) of that paper, is maximal in A n ∆ ′ where n = |G|. Since obviously ∆ ′ normalizes Γ = G lef t × G right , it follows that ∆ ′ ≤ ∆. Thus, due to (11) we have
However, by statement (1 * ) the group Aut(X ) can not be 2-transitive. So it has no a subgroup isomorphic to A n . Therefore the maximality of ∆ ′ together with (12) imply that ∆ ′ = ∆ = Aut(X ). Thus to prove that the S-ring A is not schurian it suffices to verify that
When q is odd, this inequality immediately follows from statement (3 * ).
Proof of Theorem 1.3
Let us recall some basic facts on the Fitting subgroup F = F (G) of a group G. By definition F is the largest normal nilpotent subgroup of G. Suppose that G is solvable. Then (14) C G (F ) F and G/F ≺ Aut(F ) (e.g., [14, Theorem 6.1.3] ). Moreover, G has a finite Fitting height h = h(G) which means by definition that there is a normal series
Turn to the proof of Theorem 1.3. The group G being a Schur group must be solvable by Theorem 1.2. Moreover, by Corollary 4.3 we can assume that G is not nilpotent and there is at most one prime p such that a Sylow p-subgroup of F is non-cyclic, and p is equal to 2 or 3. Then the group G is metabelian by Lemmas 7.2, 7.3 and 7.4 that will be proved later. Statement (1) immediately follows from Corollary 3.5. Finally, if a Hall {2, 3}-subgroup of G is cyclic, then the group F and by Lemma 7.2 also the group G/F , are direct products of Sylow subgroups. But they are cyclic by the assumtion and Theorem 3.2. This proves statement (2) .
In what follows we need the following general lemma on the Fitting subgroup and its centralizer. Proof. The first equality in (16) is obvious whereas the inclusion holds true by the Remak Theorem. Furthermore, H/F C H (A) is a factor group of H/C H (A) and H/F C H (B) is a factor group of H/C H (B).
In the rest of the section we always assume that G is a solvable but non-nilpotent Schur group, F = F (G) and F = F 2 , see (15) . We will also use the following standard notation. If π is a set of primes, then O π (G) is the greatest normal π-subgroup of G; for a prime p we also set
Proof. If the group F is cyclic, then Aut(F ) is abelian, so G/F is abelian by (14) . Lemma 7.3. Suppose that the Sylow 3-subgroup P of F is non-cyclic. Then
where (n, m) ∈ {(p, q), (2p, q), (p, 2q), (p, 4)}, p and q are primes greater than 3, and m divides p − 1.
Proof. By the Burnside theorem on a basis of a p-group, the action of O 3 ′ (G/F ) on P induces a group isomorphic to a 3 ′ -subgroup T of GL r (3) where r = r(P ). On the other hand, since F is not cyclic, Theorem 3.3 implies that r = 2 or r = 3. Therefore π(T ) ⊆ {2, 13} and 13 ∈ π(T ) only if r = 3. We claim (17) O 2 (T ) = 1.
Indeed, otherwise G contains an involution, which normalizes a subgroup of P that is isomorphic to E 9 . But then G contains a non-abelian section of order 18, which is not dihedral. However, by Lemma 3.1 and Theorem 2.4 this contradicts the assumption that G is a Schur group.
Without loss of generality we can assume that G is not isomorphic to E 27 : C 13 . In this case we claim that (18) r = 2 and T = 1.
Indeed, suppose that this is not true. Note, that if T = 1, then 13 ∈ π(T ) by (17) . Thus in any case r = 3. So by Lemma 4.1 a Sylow 3-subgroup of G is abelian. By Theorem 3.3 this implies that this subgroup coincides with E 27 , P = F = E 27 and O 3 (G/F ) = 1. Taking into account that G = F we conclude that G/F ≃ C 13 . Thus G ≃ E 27 : C 13 . Contradiction.
Recall that F is a nilpotent Schur group and P is a non-cyclic Sylow 3-subgoup. Therefore by Corollary 4.3 we have
where Q is a cyclic 3 ′ -subgroup of F . Since r = 2, Theorem 3.3 implies that n := |Q| belongs to the set {1, 2, 4, p, 2q} where p and q are primes ≥ 5. In fact, n > 2. Indeed, otherwise the group Aut(Q) is trivial. Therefore G/F is isomorphic to a factor group of Aut(P ) by Lemma 7.1. Due to (18) this implies that F 2 /F is a 3-group. Moreover, this group must be trivial, because otherwise a Sylow 3-subgroup of F 2 is normal in G. Thus, F 2 = F . Contradiction.
It follows that n ∈ {4, p, 2q}. Moreover, by Theorem 4.2 the group P is either abelian or isomorphic to M 3 k with k > 3, and in the same time by Theorem 3.3 it does not contain an abelian subgroup isomorphic to C 3 × C 9 . Thus
Moreover, the group O 3 (G/F ) acts on P trivially (otherwise G contains a nonabelian subgroup of order 27, which is not Schur by Lemma 3.1). Together with (18) this shows that F 2 ≤ C G (P ). Therefore by Lemma 7.1 we have C G (Q) = F and G/F = G/C G (Q) ≤ Aut(Q). Hence G = F 2 , and the group G/F is cyclic and acts on P trivially. It follows G ≃ E 9 × (Q : K) for some K ≤ Aut(Q). Thus the required statement follows from Theorem 3.3 because E 9 × K should be a Schur group. Lemma 7.4. Suppose that the Sylow 2-subgroup P of F is non-cyclic. Then G is metabelian. Furthermore, if r(P ) ≥ 3, then
where P is one of the group E 8 , G 16 , E 16 , the numbers p and q are primes, p > 3, and q divides p − 1.
Proof. Suppose first that F = P . If r(P ) ≥ 3 and P is abelian, then P ≃ E 2 k , k ≥ 3, by Theorem 4.2. Since the group G 16 has no subgroup isomorphic to E 8 , Lemma 4.1 implies that any Sylow subgroup of G that contains P , is abelian. Due to (14) we conclude that P is a Sylow 2-subgroup of G. Thus the required statement follows from Lemma 3.1. If r(P ) ≥ 3 and P is not abelian, then Lemma 4.1 implies that P ≃ G 16 and P is again a Sylow 2-subgroup of G. However, this is impossible by Lemma 3.1 applied for G/Φ(P ) and P/Φ(P ) ≃ E 8 . Thus r(P ) = 2. If P ≃ E 4 or P ≃ Q 8 , then Aut(P ) ≃ S 3 . Due to (14) this implies that |G| ≤ 24, and the required statement follows from Lemma 3.1. By Theorems 4.2 and 3.3 in the remaining cases P is isomorphic to one of the following groups
Moreover Aut(P ) is a 2-group by [2, Theorem 34.8] and [6, Theorem 3.5] . This implies that G is nilpotent in contrast to our assumption.
Let now P be a proper subgroup of F . Then by Corollary 4.3 we have
where Q is a nontrivial cyclic group of odd order. By Theorem 3.3 this implies that 2 ≤ r ≤ 4 where r = r(P ). Suppose first that r = 3 or r = 4. Then by that theorem we can assume that P ∈ {E 8 , G 16 , E 16 } and Q = C p for some odd prime p. By the Burnside theorem on a basis the group O 2 ′ (G/F ) acts on P/Φ(P ). If this action is not trivial, then by Lemma 3.8 the group G has a non-abelian section of order 24 and rank 3, which is impossible by Lemma 3.1. Thus
On the other hand, if O 2 (G/F ) ≤ C G (P )F , then Sylow 2-subgroup of G is nonabelian and includes P as a proper subgroup. By Lemma 4.1 this implies that this subgroup is isomorphic to G 16 which is impossible because the latter group does not contain a subgroup isomorphic E 8 . Therefore
Together with (21) this shows that F 2 ≤ C G (P )F . Therefore Lemma 7.1 implies that C G (Q) = F and G/F = G/C G (Q) ≤ Aut(Q). It follows that G = F 2 and that G/F is a cyclic group acting on P trivially. Applying also Lemma 3.1 and Theorem 3.3, we obtain that G ≃ P × (C p : C q ), where q and r are primes, p > 3 and q divides p − 1.
Let now r = 2. Then by Theorem 3.3 the group P is isomorphic to E 4 , Q 8 or one of the groups in (19) , and Q = C p , or P = E 4 and Q = C pq , where p and q different primes. Let us consider three cases depending on the group P . Below we set K = G/F . Case 1: P ≃ E 4 and P ≃ Q 8 . In this case Aut(P ) is a 2-group (see above) and Q ≃ C p for an odd prime p. By (16) this implies that the group C G (Q)F/F is isomorphic to a section of 2-group G/C G (P )F ≺ Aut(P ). So the preimage of C G (Q)F/F in G is a nilpotent normal subgroup. Therefore it is contained in F , and hence C G (Q) ≤ F . It follows that C G (Q) = F and K ≺ Aut(C p ).
So K is a cyclic group of order dividing p − 1. This proves G is metabelian, as required, whenever P is abelian. So we may assume that P is isomorphic to M 2 k , k > 5, or D 2 k , k > 2. If K has an odd order, then
where O ′ 2 (G) is a Frobenius group C p : C q with q > 3. In particular, G is metabelian and we are done. Assume that K is of even order. Then a Sylow 2-subgroup S of G contains a proper normal subgroup isomorphic to P . Therefore S ≃ M 2 l or S ≃ D 2 l for some integer l > k. However, the first case is impossible because all proper subgroups of M 2 l are abelian [2, p. 29] . In the second case, S contains exactly two conjugacy classes of involutions, so index of P in S should be 2 and l = k+1. Denote by C the cyclic subgroup of order 2 k−1 in P . The subgroup C is characteristic in P , so it is normal in G. Put T = C × Q. Then T is abelian. On the other hand, G/T a central extension of the group F/T of order 2 by a cyclic group K, so G/T is abelian. It provides that G is metabelian.
Case 2: P ≃ Q 8 . By Theorem 4.2 none of possible Schur 2-groups contains a proper subgroup isomorphic to P . Therefore the group K has an odd order. Moreover, by Lemma 3.1 the order of this group is not a multiple of 3. Since the factor group G/C G (P )F must be isomorphic to a section of Aut(Q 8 ) ≃ S 3 , we conclude that G = C G (P )F.
By Lemma 7.1 this shows that C G (Q) = F . Thus from Theorem 3.3 it follows that G ≃ P × (C p : Z q ), where p and q are primes, q > 3, and q divides p − 1. In particular, G is metabelian.
Case 3: P ≃ E 4 . In this case the group F is abelian, so it sufficient to prove that so is the group K. If C G (P ) ≤ F , then K ≤ S 3 . Moreover, K is not isomorphic S 3 , because otherwise G/Q is a non-abelian and non-dihedral group of order 24, which is impossible by Lemma 3.1. Since G is not nilpotent, this implies that K is a cyclic group of order 3 as required. On the other hand, if C G (Q) ≤ F , then K ≺ Aut(Q). Since Q is cyclic, the group K is again abelian, and we are done. Thus we can assume that C G (P ) ≤ F and C G (Q) ≤ F.
In this case K contains nontrivial subgroups K 1 = C G (P )/F and K 2 = C G (Q)/F , and by Lemma 7.1 also the direct product M = K 1 × K 2 . Since K 1 ≺ G/C G (Q) ≺ Aut(Q) and K 2 ≺ G/C G (P ) ≺ S 3 , the group K 1 is abelian whereas the group K 2 is cyclic of order 3. Therefore the group M is abelian, and we may assume that K = M . Then |K/M | = 2 because G/C G (P ) ≺ S 3 . Moreover, the group K 1 is of odd order, for otherwise the group G/Q contains a non-abelian and non-dihedral group of order 24, which is impossible by Lemma 3.1. Therefore, M is a 2 ′ -group. This implies that K is a semidirect product of M and a subgroup N of order 2. Moreover, since G/C G (Q) is abelian, either K is abelian, or N acts nontrivially on C G (Q). But in the latter case K contains a subgroup C G (Q)N isomorphic to S 3 . Its preimage in G/Q is a non-abelian and non-dihedral subgroup of order 24; a contradiction. Thus, K is abelian, as required.
